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Abstract

Many counterfactual and causal queries are only
partially identified from data, especially under un-
measured confounding. A common approach rep-
resents compatible nonparametric structural causal
models (SCMs) on a finite canonical domain and
computes sharp bounds via linear programming
(LP) over the induced simplex. However, the canon-
ical full counterfactual state space grows expo-
nentially even for small graphs, making naive LP-
based bounding computationally heavy. We pro-
pose a constraint-aware reduction that quotients
out degrees of freedom irrelevant to the optimiza-
tion problem. Because sharp bounds are deter-
mined jointly by the query functional and the data-
implied information set, we aggregate full states
into equivalence classes that are indistinguishable
to every linear functional appearing in the LP ob-
jective and constraints. We show that optimizing
over the induced push-forward distribution on the
reduced domain preserves feasibility and yields the
same sharp bounds as the full-domain.

1 INTRODUCTION

Identifying causal effects clarifies the consequences of inter-
ventions and supports informed decision-making. When
standard causal assumptions hold (e.g., no unmeasured
confounding), many causal effects are identifiable from
observational data. In contrast, in the presence of unmea-
sured confounders—as in semi-Markovian (latent-variable)
causal models—the target causal query may fail to be point-
identified. In such cases, partial identification methods are
employed to derive sharp bounds for causal estimands and
counterfactual queries [Manski, 1990, Balke, 1995, Tian
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and Pearl, 2000, Evans, 2012]. Beyond static causal anal-
ysis, counterfactual quantities are also increasingly rele-
vant in decision-making settings, including recent work on
structural causal bandits that incorporates realizable counter-
factual regimes into sequential decision-making problems
[Park and Lee, 2026].

Informally, our approach rests on three ideas. A canonical
domain is a finite catalogue of deterministic input–output
behaviors (“response types”) that a structural mechanism
could exhibit, so that every finite, discrete nonparametric
SCM compatible with the data corresponds to a probability
distribution over this finite catalogue. Sharp bounds on a
target query are then obtained by linear programming (LP):
the query, written as a linear functional of that distribution,
is maximized and minimized subject to the linear constraints
the data impose. The obstacle is that the canonical domain
grows exponentially in the size of the graph; our quotient
merges response types that are indistinguishable to both the
query and the data constraints, shrinking the LP without
changing its optimal value.

A standard way to characterize the identified set is to repre-
sent compatible nonparametric SCMs on a finite canonical
domain and compute sharp bounds via linear programming
(LP) over the induced simplex. A growing literature derives
informative counterfactual bounds by combining observa-
tional and interventional information [Finkelstein and Sh-
pitser, 2020, Zhang and Bareinboim, 2021]; see, e.g., Zhang
et al. [2022] building on Balke and Pearl [1994]. To improve
scalability, recent work either automates bounding through
nonconvex formulations with relaxations and branch-and-
bound [Duarte et al., 2024], relaxes global SCM structure to
enforce only local marginal consistency (the causal marginal
polytope) [Zeitler and Silva, 2022], or leverages complemen-
tary geometric and latent-space viewpoints such as adversar-
ial separations and equivalence-class enumeration [Botosaru
et al., 2024, Gu et al., 2025]. However, the canonical full
counterfactual state space still grows exponentially even for
small graphs since it must encode structural-function out-
puts across many parent configurations and counterfactual
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Figure 1: Non-IV graph with latent confounding

worlds, making naive LP-based bounding computationally
prohibitive.

The same computational concern is even more relevant
for mixed-world (L2.5) queries, which arise routinely in
practice—for instance, when estimating mediated (natural
direct/indirect) effects from partial information, such as
treatment, mediator, and outcome marginals released sep-
arately rather than as a joint distribution. For instance, in
Fig. 1, the canonical domain size for L1 observational dis-
tributions is 8. If we instead consider an L2 target such as
the interventional distribution P (Yx), the required canon-
ical domain size increases to 32 (see Sec. B for details).
This comparison highlights that the canonical domain is
not a fixed object determined solely by the graph: the effec-
tive state-space size—and thus the computational burden—
depends on the query and the information set used to de-
fine feasibility. In particular, once a specific query is fixed,
many degrees of freedom in the full parameterization can
be safely quotiented out, yielding a smaller optimization
problem without changing the sharp bounds.

Our goal is to make partial identification computationally
efficient without approximation by reducing the canonical
state space in a principled way. The key point is that sharp
bounds are defined jointly by the query functional and the
information set: both the LP objective and the data-implied
constraints determine feasibility and hence the identified set.
Accordingly, the reduction cannot be purely “query-only”.
Instead, we quotient the canonical domain by merging full
states that are indistinguishable to every linear functional
appearing in the LP objective or constraints; optimizing
over the induced push-forward distribution on the reduced
domain yields the same sharp bounds as optimizing over the
full domain.

Contributions. We make two primary contributions. First,
we provide a criterion for safe, constraint-aware reduction.
We show that if a state-space quotient preserves both the
query functional and the information set defining the fea-
sible region, the reduced LP yields exactly the same sharp
bounds as the full LP without approximation. Second, we
propose a query-specific structural counting methodol-
ogy. We establish that the required canonical domain is
determined not just by the causal diagram, but jointly by
the specific (query, information set) pair. By quantifying
only the parent–world contexts required by the specified
query and information set, we avoid unnecessary combina-
torial expansion and provide a principled route to significant
computational savings.

2 PRELIMINARIES

We introduce in this section some basic notations and defi-
nitions that will be used throughout the paper.

Notations We use capital letters to denote variables (X),
small letters for their values (x), bold letters to denote a
set of those variables (X) and values (x). The domain of a
variable X is denoted by ΩX , and for a set of variables X
we denote the joint domain by ΩX. For an arbitrary set X,
let |X| be its cardinality (i.e., the size of the domain). The
probability distribution over a set of variables X is denoted
by P (X). We use P (x) as a shorthand for the probability
P (X = x). The indicator function 1{X = x} returns 1 if
the event X = x holds and 0 otherwise.

A structural causal model (SCM), denoted by M =
⟨V,U,F , P (U)⟩, is our basic semantic framework [Pearl,
2009]. Here, V is a set of endogenous variables and U is
a set of exogenous variables. F is a set of structural func-
tions; each fV ∈ F determines the value of an endogenous
variable V ∈ V from its endogenous and exogenous ar-
guments, written v ← fV (paV ,uV ) with paV ⊆ V and
uV ⊆ U. Exogenous variables are mutually independent
under P (U). Each SCMM is associated with a causal dia-
gram G where solid nodes represent endogenous variables
V and bi-directed edges encode unobserved confounders.
Edges represent the arguments paV ,uV of each structural
function fV . We write pa(V ) for the set of strict directed
parents of V in G.

Given an SCM, we can define distributions under differ-
ent interventional regimes as follows. An SCM M natu-
rally induces a joint distribution P (V) over endogenous
variable V. This distribution is called observational distri-
bution. An SCM M induces a sub-model Mx where an
intervention on an arbitrary subset X ⊆ V, denoted by
do(X = x) = do(x), is conducted. Px(V) denotes the
interventional distribution induced byMx. For any subset
Y ⊆ V, the potential response Yx(u) is defined as the
solution of Y in the sub-model Mx under U = u. The
potential response defines the counterfactual variable Yx,
whose distribution is obtained by averaging over the U. The
event Yx = y is interpreted as “Y would be y had X been
x.” For subsets Y,Z,X,W, . . . ⊆ V, P (yx, . . . , zw) is
the distribution over counterfactuals.

Definition 2.1 (C-component). For a causal diagram G, a
non-empty subset C ⊆ V is a c-component if (i) any two
nodes Vi, Vj in C are connected by a path of bi-directed
edges in G, and (ii) C is maximal w.r.t. this property.

Definition 2.2 (Canonical SCM). An SCM M =
⟨V,U,F , P (U)⟩ is said to be a canonical SCM if

1. For every endogenous V ∈ V, its values v are given
by a function v ← fV (paV ,uV ) where for any



paV ,uV , fV (paV ,uV ) is contained in a finite do-
main Ωv .

2. For every exogenous U ∈ U, its values u are drawn
from a finite domain ΩU ; its cardinality is bounded by

|ΩU | =
∏

V ∈C(U)

|ΩPAV
7→ ΩV |

i.e., the total number of functions mapping from do-
mains of input PAV to V for every endogenous V in
the c-component C(U) covering U .

Based on this definition, any SCM with finite discrete do-
mains admits a canonical representation that preserves all
of its distributional properties. Crucially, this representation
enables optimization over a finite simplex, making LP-based
bounding computationally tractable.

Theorem 2.3. (SCM and canonical SCM) [Balke and
Pearl, 1994, Balke, 1995] For an arbitrary SCM M =
⟨V,U,F , P (U)⟩ where endogenous variables have finite
categorical domains, there exists a canonical SCM N such
that

1. M and N are associated with the same causal dia-
gram G. That is, GM = GN .

2. For any set of counterfactual variables Yx, · · · ,Zw,
PM(Yx, · · · ,Zw) = PN (Yx, · · · ,Zw).

Beyond the three standard PCH layers, we will also use
the realizable mixed-world query classes L2.25 and L2.5

[Yang and Bareinboim, 2025], which sit between the inter-
ventional (L2) and counterfactual (L3) layers. These are
counterfactual queries whose worlds are realizable by a sin-
gle split-intervention graph: L2.25 propagates one global
regime label per intervened variable to all of its descendants,
whereas L2.5 allows different regime labels to reach differ-
ent children (subject to conflict-freeness), as in the nested
effect P (Yx,Wx′ ). A formal definition is given in Def. A.10.

Computational challenge of canonical domains. To
compute sharp bounds via LP, solvers must optimize over a
distribution defined on a finite canonical domain. However,
the worst-case size of this domain (dU ) scales combinato-
rially depending on the layer of Pearl’s Causal Hierarchy
(PCH) [Pearl, 2009] that the query belongs to. Understand-
ing this exponential growth—especially at the counterfac-
tual L3 layer—is crucial, as it directly motivates the need for
the computationally efficient, constraint-aware reductions
we develop in the subsequent sections.

Canonical domain cardinalities across layers. LetM =
⟨V,U,F , P (U)⟩ and let U ∈ U index a c-component
C(U).

As one moves up the layers of Pearl’s causal hierar-
chy (PCH), the parameterization must encode responses

to progressively more hypothetical parent configurations,
and the sufficient canonical domain size grows accord-
ingly: (1) for L1 (observational distributions), dU =∏
V ∈C(U)∪pa(C(U)) |ΩV |; (2) for L2 (single-world interven-

tional distributions), dU =
∏
V ∈C(U) |ΩPAV

| |ΩV | (equiv-
alently,

∏
V ∈C(U) |ΩPAV

× ΩV |); and (3) for L3 (coun-
terfactual distributions), dU =

∏
V ∈C(U) |ΩPAV

7→ ΩV |,
where |ΩA 7→ ΩB| = |ΩB||ΩA| [Zhang et al., 2022]. As
summarized above, moving upward in the causal hierarchy
systematically increases the computational complexity. The
naive application of L3 counterfactual bounds effectively
makes standard LP solvers computationally demanding even
for modestly sized diagrams, highlighting the pressing need
for the query-specific geometric reductions proposed next.

3 CONSTRAINT-AWARE REDUCTION
PRINCIPLE

While Sec. 2 outlines the worst-case canonical domains
required for arbitrary queries, many partial identification
problems do not need the full L3 parameterization. To re-
duce the dimension of a partial-identification problem, re-
taining only the degrees of freedom that influence the query
is insufficient; the reduction must simultaneously preserve
the information set—i.e., the observational distribution or
summary-data constraints that define the feasible set. In
this section, we provide theoretical guarantees for when a
state-space reduction is “safe”—meaning it preserves the
original sharp bounds. The fundamental condition requires
that the quotient operation simultaneously preserve the lin-
ear functionals defining the query and those defining the
data-induced constraints.

3.1 A SUFFICIENT CONDITION FOR “SAFE”
REDUCTION

Let Ωfull be a finite full counterfactual state space and let
ψ ∈ ∆(Ωfull). Suppose we seek sharp bounds of a linear
query c⊤ψ subject to linear constraints (throughout, “linear”
refers to the LP over the canonical simplex in the sense
of Balke and Pearl, 1994, Zhang et al., 2022, not to any
added parametric assumption on the SCM, which remains
nonparametric; cf. Def. 2.2)

Mψ = p, ψ ∈ ∆(Ωfull),

where M ∈ Rm×|Ωfull| encodes the observa-
tional/summarized information identified from data
and p ∈ Rm is the corresponding identified quantity.

To formalize the reduction, let π : Ωfull 7→ Ωred be
a surjection that maps each full state to a reduced state
retaining only the relevant degrees of freedom, and let
Π ∈ {0, 1}|Ωred|×|Ωfull| be the pushforward matrix Πt,u =



1{π(u) = t}, so that ϕ = Πψ is the induced distribution
on Ωred.

Because π is a function, each column of Π contains exactly
one 1; hence ϕ ≥ 0 and 1⊤ϕ = 1⊤Πψ = 1⊤ψ = 1, so
ϕ ∈ ∆(Ωred) whenever ψ ∈ ∆(Ωfull).

The following guarantee is layer-agnostic: it applies ver-
batim whether the canonical domain Ωfull encodes L1, L2,
or L3 information, since it relies only on linearity of the
objective and constraints over the simplex (Example 2 in
Sec. 4 recovers the worst-case L3 count).

Proposition 3.1 (Constraint-aware reduction preserves
sharp bounds). Assume there exist a vector c̃ ∈ R|Ωred|

and a matrix M̃ ∈ Rm×|Ωred| such that

c = Π⊤c̃, M = M̃Π.

Then the full-space and reduced-space partial-identification
problems are equivalent:

min
ψ∈∆(Ωfull):Mψ=p

c⊤ψ = min
ϕ∈∆(Ωred): M̃ϕ=p

c̃⊤ϕ,

and likewise with min replaced by max. In particular, the
sharp bounds computed on the reduced simplex equal those
computed on the full simplex.

In words, the quotient map must preserve both the query
objective and the data-imposed constraints; otherwise, opti-
mizing on the smaller domain may alter the sharp bounds.
Notably, a “query-only” reduction can easily fail. Even if a
coarsening π preserves the query (i.e., c = Π⊤c̃), it may dis-
tort the feasible set if it does not also preserve the constraints
(i.e., if there is no M̃ with M = M̃Π). For example, sup-
pose the information set includes a joint constraint such as
P (A = 1, B = 1) (or any moment depending on (A,B)),
but π keeps only A (or only (A,C)). Then the quantity
P (A = 1, B = 1) cannot be expressed as a linear func-
tional of the reduced distribution ϕ = Πψ, so there is no
factorization M = M̃Π. As a result, two full-state distri-
butions ψ,ψ′ can induce the same reduced ϕ (and hence
the same query value), while having different values of
P (A = 1, B = 1). In this case the reduced problem admits
spurious ϕ that are infeasible in the full problem, thereby
altering the sharp bounds.

A canonical way to construct π, representing the coarsest
safe quotient where irrelevant variables cancel out, is to
declare u ∼ u′ whenever every function that appears in
either the objective or the constraints takes the same value
at u and u′. The reduced space Ωred = Ωfull/∼ is then
the coarsest quotient that simultaneously preserves both the
query and the feasible set. Algorithm 1 summarizes this
construction and the resulting reduced LP that preserves
the sharp bounds under the coarsest safe quotient. Explicit
pseudocode for this constraint-aware reduction appears in
Alg. 1 (Sec. D.3).

X

W

Y

(a) NDE

X

W

Yx

x′

(b) Realizable NDE forQ = P (Yx,Wx′ )

Figure 2: NDE diagrams.

3.2 DEMONSTRATING
CONSTRAINT-AWARENESS: 64 VS. 8 STATES

To make the theoretical guarantees of Prop. 3.1 concrete,
we consider a running example on the Natural Direct Effect
(NDE) graph to demonstrate that sharp bounds for a specific
counterfactual query do not generally require the full canon-
ical parameterization of the SCM. We examine two distinct
information regimes on the NDE graph.

We first consider a binary nested causal query

Q = P
(
Yx,Wx′ = 1

)
,

and, without loss of generality, fix (x, x′) = (0, 1) so that
Q = P

(
Y0,W1

= 1
)
.

Since the query depends on only three counterfactual vari-
ables, we rename them as A := W1, B := Y0,0, and
C := Y0,1, so that (A,B,C) ∈ {0, 1}3. Under this no-
tation, the outcome variable of interest can be expressed
as

Y0,W1 = (1−A)B +AC.

Query-Specific (Quotient) State Space Define the re-
duced state t = (a, b, c) ∈ Ωquery := {0, 1}3, and let ϕ
denote the induced distribution on Ωquery:

ϕabc := P (A = a,B = b, C = c).

Fix an ordering of Ωquery and identify ϕ with the correspond-
ing vector in R8. Accordingly, write

∆(Ωquery) :=
{
ϕ ∈ R8

≥0 : 1⊤
8 ϕ = 1

}
,

where 18 is the all-ones vector (we also write ∆8).

Having formalized the reduced state space for our target
query, we now set up the two essential components of our LP
formulation: the objective function we wish to bound, and
the feasible region dictated by the data. We first demonstrate
how the query can be expressed as a linear objective over
the reduced space, and subsequently detail how the available
observational data impose linear constraints on these states.

Query Indicator and Linearity in ϕ Define the indicator
g(t) := (1− a)b+ ac ∈ {0, 1} on the reduced state space
and its vector representation g ∈ R8. This expresses the
query as a linear functional:

Q = Eϕ[g(t)] = g⊤ϕ.

Table 2 lists our fixed ordering of the eight query-states and
the corresponding values of g(a, b, c).



Case 1: Observation Model and Constraints from Pobs

(128 → 64 States) In partial identification, the informa-
tion set is typically the full observational distribution

Pobs(x,w, y) := P (X = x,W = w, Y = y),

for (x,w, y) ∈ {0, 1}3,

which induces linear constraints on the full-state distribution.
In the binary L3 (function-space) representation of the NDE
graph, each full state u ∈ Ωfull determines the values

X(u),W0(u),W1(u), Y0,0(u), Y0,1(u), Y1,0(u), Y1,1(u),

so |Ωfull| = 27 = 128 and ψ ∈ ∆(Ωfull) assigns mass
to these states. By consistency, if X = x and W = w
are observed then W = Wx and Y = Yx,w. Equivalently,
W = WX and Y = YX,W = YX,WX

. Hence each cell
probability is a linear functional of ψ:

Pobs(x,w, y) =
∑

u∈Ωfull

1
{ X(u) = x, Wx(u) = w,
Yx,w(u) = y

}
ψu.

(1)
Equivalently, stacking the eight probabilities
{Pobs(x,w, y)} produces a vector pobs and a matrix
Mobs such that Mobsψ = pobs.

With both the query and the constraints now expressed
as linear functionals of ψ, we can identify which coun-
terfactual variables actually influence the optimization
and which can be safely collapsed. The query Q =
P (Y0,W1

= 1) depends on u only through (W1, Y0,0, Y0,1).
However, the observational constraints Eq. (1) also de-
pend on how (X,W, Y ) are generated, namely through
(X,W0,W1, Y0,0, Y0,1, Y1,0, Y1,1). Crucially, when X = 1
is observed, the outcome uses only the selected potential out-
come Y1,W1

, never both (Y1,0, Y1,1) simultaneously. When
X = 0, neither Y1,0 nor Y1,1 appears in the constraint, but
capturing Y1,W1

in the reduced state (needed for the X = 1
stratum) still leaves exactly Y1,1−W1

free. Thus, regardless
of X , one of these two bits is always unused by (1) and can
be collapsed and quotiented out.

This observation motivates the following reduced parame-
terization, which drops the unused bit while retaining all
information that the LP requires. Define the reduced map

πobs(u) :=
(
X(u), W0(u), W1(u), Y0,0(u),

Y0,1(u), Y1,W1
(u)
)
∈ Ωred := {0, 1}6.

Let ϕ = Πobsψ be the induced distribution on Ωred. Given
(X,W0,W1, Y00, Y01, Y1,W1), when X = 1, the remaining
bit Y1,1−W1

never affects (X,W, Y ) and can vary freely
within each fiber, so the fiber size is 2 and |Ωred| = 27/2 =
26 = 64. By Prop. 3.1, optimizing over ∆(Ωred) yields iden-
tical sharp bounds while easing the computational burden.
This drop-one-bit map is safe but not the coarsest: under
Pobs the σ-signature quotient of Prop. 3.1 merges this fur-
ther to 16 states.

Case 2: Identified Marginals from “L2.5” Information
(128 → 8 States) Now suppose the identified data is
restricted to marginal summaries of the query-level response
variables. In this case, the reduced space coincides with the
safe-quotient reduced domain in Prop. 3.1, i.e., Ωred =
Ωquery = {0, 1}3. Crucially, the available information is
itself a function of (A,B,C), so the same reduction that
makes the query linear in ϕ also preserves the constraints
used for partial identification. In our canonical experiments,
the data identify (or are modeled as informing) only the
marginals:

pw1 := Eϕ[A], py00 := Eϕ[B], py01 := Eϕ[C].

Here, A,B,C ∈ R8 are the evaluation vectors At :=
a,Bt := b,Ct := c for t = (a, b, c) ∈ Ωquery, so that
Eϕ[A] = A⊤ϕ, etc. These three marginals, together with
the simplex constraint on ϕ, define the feasible set for the
reduced optimization problem. Let p = (pw1, py00, py01).
The feasible set of query-level distributions is

F(p) :=
{
ϕ ∈ ∆(Ωquery) :

A⊤ϕ = pw1, B
⊤ϕ = py00, C

⊤ϕ = py01
}
.

Since Q = g⊤ϕ is linear in ϕ, the image of F(p) under
g⊤ is a closed interval whose endpoints are exactly the
sharp bounds. Formally, the identified set for Q given p is
IQ(p) := {g⊤ϕ : ϕ ∈ F(p)} =

[
Q(p),Q(p)

]
. The sharp

bounds are the extrema of a linear functional over F(p):

Q(p) := min
ϕ∈F(p)

g⊤ϕ, Q(p) := max
ϕ∈F(p)

g⊤ϕ. (2)

Equivalently, (2) are two linear programs over ϕ ∈ ∆8 with
three linear equality constraints.

Consequently, these distinct reductions (to 64 or to 8 states)
show that safe reductions depend critically on what the con-
straints require. The full-state LP operates on 128 variables,
whereas the constraint-aware reduction guarantees exact
identification with significantly fewer variables. Table 1
summarizes the comparison between the required counter-
factual parameters depending on the available information
regimes.

4 QUERY-SPECIFIC CANONICAL
DOMAIN CARDINALITIES ACROSS
LAYERS

Having established the theoretical soundness of constraint-
aware reduction, a natural and practical question arises: how
much computational savings can we achieve for a given
query and information regime?

In the previous section, we observed that geometric insights
allow a 128-state formulation to collapse into exactly 64 or
8 states. We now formalize this intuition by presenting a sys-
tematic counting methodology to explicitly quantify these



Table 1: Comparison of canonical domain sizes across varying information constraints for the target query Q = P (Y0,W1 =
1) on the NDE graph. The set of required parameters directly dictates the number of active states. Factors decompose by
variable blocks: 21 forX , 22 for (W0,W1), and 24 for (Y1,0, Y1,1, Y0,0, Y0,1) (or 23 when only (Y0,0, Y0,1, Y1,W1

) is needed).
Case 2 is the L2.5 marginal regime of §3.2, in which the data enter only through the identified marginals P (W1)= pw1,
P (Y00)=py00, and P (Y01)=py01. Case 1’s 64 is one safe (drop-one-bit) reduction; the coarsest σ-quotient under Pobs is
16 states.

Information Regime Data-Implied Constraints Required Counterfactual Parameters State Size (|Ωred|)
Worst-case (L3) None (baseline) X,W0,W1, Y00, Y01, Y10, Y11 21 × 22 × 24 = 128
Case 1 Full Observational: Pobs(X,W, Y ) X,W0,W1, Y00, Y01, Y1,W1

21 × 22 × 23 = 64
Case 2 Marginals: P (W1), P (Y00), P (Y01) W1, Y00, Y01 1× 21 × 22 = 8

sufficient canonical-domain cardinalities. The underlying
principle is that we count only the parent–world contexts in
which structural functions must be evaluated, avoiding the
combinatorial growth caused by unreachable counterfactual
branches.

4.1 CANONICAL DOMAIN CARDINALITIES IN
THE STANDARD PCH: L1,L2,L3

Throughout, L1,L2,L3 denote the three layers of
Pearl’s Causal Hierarchy—observational, interventional,
and counterfactual—not Lp function norms; likewise | · |
applied to a domain denotes its cardinality.

We consider Fig. 2a with binary variables, |ΩX | = |ΩW | =
|ΩY | = 2. The bi-directed arc X ↔ W induces two c-
components in L1: C1 = {X,W}, and C2 = {Y }.

L1 (Observational Factorization) At the observational
level, the canonical domain simply enumerates the joint
value tuples within each c-component. Under L1, C1 con-
tributes the marginal table of (X,W ) and C2 contributes
the conditional table of Y given (X,W ):

dU1
= |ΩX | |ΩW | = 4, dU2

= |ΩX | |ΩW | |ΩY | = 8.

L2 (Interventional / Single-World Mechanisms) Mov-
ing to the interventional level, each structural function must
additionally record which parent configuration generated
each value, expanding the domain. Under L2, the {X,W}
c-component is parameterized by an entry-space description
of P (X) and P (W | X), while the {Y } c-component is
parameterized by P (Y | X,W ):

dU1 = |ΩX | · |ΩX | |ΩW | = |ΩX |2|ΩW | = 8,

dU2 = |ΩX | |ΩW | |ΩY | = 8.

L3 (Counterfactual / Function Space) At the counterfac-
tual level, the parameterization must enumerate all possible
structural functions—not just input-output pairs—leading
to an exponential blow-up. Under L3, we count functions.
For C1 = {X,W}, fX : Ω∅ → ΩX and fW : ΩX → ΩW ,
and for C2 = {Y }, fY : ΩX,W → ΩY hence

dU1
= |ΩX ||Ω∅| · |ΩW ||ΩX | = |ΩX | · |ΩW ||ΩX | = 2 · 22 = 8,

dU2 = |ΩY ||ΩX | |ΩW | = 22·2 = 16.

Thus, on the same graph, moving upward in the hierarchy
generally increases the worst-case number of free “mecha-
nism degrees of freedom” (especially at L3).

4.2 QUERY-DEPENDENT COUNTS FOR
REALIZABLE MIXED-WORLD QUERIES: L2.5

AND L2.25

We now focus on the realizable mixed-world query Q =
P (Yx,Wx′ ), which belongs to L2.5 [Yang and Bareinboim,
2025]. In the realizable graph Fig. 2b, X is fixed when
feeding into Y , while W is evaluated only under x′. The
function-space degrees required by this specific query shrink
because each node’s structural function need only be eval-
uated on a subset of its parent configurations. We capture
this via a context multiplicity mV (Q), counting the number
of distinct parent–world contexts actually visited:

dU1 = |ΩX |mX(Q)|ΩW |mW (Q) = |ΩX |0|ΩW |1 = 2,

dU2
= |ΩY |mY (Q) = |ΩY |2 = 4.

Here mX(Q) = 0 because fX is never evaluated (the value
is set by intervention); mW (Q) = 1 because only Wx′ is
needed; and because Wx′ ∈ {0, 1} and the query must ac-
commodate both possibilities across admissible SCMs, fY
must be evaluated at (X=x,W=0x′) and (X=x,W=1x′).

Notation for Def. 4.1. For a realizable query Q and a node
V with parent set pa(V ): Λ(Q) is the set of world/regime
labels occurring in Q; λQ(p) ∈ Λ(Q) is the label assigned
to parent p; TV (Q) is the set of labeled parent-assignment
tuples at which fV is evaluated in the structural expansion of
Q; SV (Q) ⊆ TV (Q) is the resulting parent–world context
set; and mV (Q) := |SV (Q)| is its context multiplicity, i.e.,
the number of distinct parent–world inputs at which fV
must be evaluated to answer Q.

Definition 4.1 (Parent–world context set). Let G be a causal
diagram over observed nodes V and let Q be a realizable,
conflict-free mixed-world query. For V ∈ V, let pa(V ) be
the parent set of V in G, and let λQ(p) ∈ Λ(Q) denote the
world/regime label assigned to node p by Q. Let TV (Q) be
the set of labeled parent-assignment tuples to pa(V ) that
occur as arguments of fV in the structural expansion of Q.



Define the parent–world context set by

SV (Q) :=
{
x =

(
(p = ap)λp

)
p∈pa(V )

:

x ∈ TV (Q) ∧ ∀p ∈ pa(V ), λp = λQ(p)
}
.

Define the context multiplicity mV (Q) := |SV (Q)|.

Remark. Equivalently, SV (Q) indexes the distinct parent–
world inputs at which fV is queried when computing Q.

Example 1 (Q1 = P (Yx,Wx′ ) ∈ L2.5). Given Fig. 2b, for
binary variables,

SY (Q1) = {(x, 0x′), (x, 1x′)}, SW (Q1) = {(x′)},
SX(Q1) = ∅.

so mY = 2, mW = 1, mX = 0.

These context multiplicities translate directly into the num-
ber of function evaluations and hence the required canonical
domain size.

The count in the following proposition is a sufficient upper
bound on the canonical-domain cardinality needed to real-
ize Q; the minimal (coarsest safe) dimension for the fixed
LP functionals is instead governed by the σ(u) signature
quotient of §3.1 (Alg. 1).

Proposition 4.2 (Context-count function-space cardinality
for realizable mixed-world queries). Let G and Q be as
in Def. 4.1. Form the ancestor subgraph of variables ap-
pearing in Q after deleting incoming edges into intervened
nodes. For each canonical exogenous U indexing a (maxi-
mal) c-component in this subgraph, let C(U) denote the cor-
responding c-component. Then a sufficient function-space
cardinality to realize Q is

dU =
∏

V ∈C(U)

|ΩV |mV (Q).

In words, each node V contributes a factor |ΩV | once for
each distinct parent–world context in which fV must be
evaluated to answerQ; c-component domains multiply these
contributions across nodes. If a node V is never evaluated,
then mV (Q) = 0 and its contribution is |ΩV |0 = 1.

While Prop. 4.2 establishes the cardinality formula, Lem. 4.3
below provides a practical decomposition for computing
SV (Q) by breaking the query into individual terms.

Lemma 4.3 (Union representation of context sets). Let Q
be as in Def. 4.1. For a node V , let TermsV (Q) denote the
set of distinct V -terms that are evaluated in the recursive
substitution of structural functions of Q (including those
appearing implicitly as ancestors of the counterfactuals
in Q (e.g., Yx, Yx′ , Yx,Wx′ ; duplicates with identical la-
bels/structure are merged). For each T ∈ TermsV (Q), let

SV (T ) be the set of labeled parent assignments to pa(V )
under which fV is evaluated when answering the single
term T . Then

SV (Q) =
⋃

T∈TermsV (Q)

SV (T ),

In particular, always mV (Q) ≤
∑
T∈TermsV (Q) |SV (T )|,

with equality if the sets are disjoint.

Crucially, the practical implication of Prop. 4.2 and Lem. 4.3
is straightforward. We do not need to expand the parameter
space for counterfactual variables or parent assignments
that are never triggered by the target query and the given
constraints. By modeling only the specific structural mech-
anisms that are effectively invoked, we prevent the unnec-
essary exponential growth characteristic of naive canonical
SCMs.

To verify consistency with L3, observe that when a query
forces each structural function fV to be evaluated over all
labeled parent assignments in its full parent domain (i.e., the
worst-case L3 setting), the context-count rule in Prop. 4.2
recovers the standard function-space cardinality:

dU =
∏

V ∈C(U)

|ΩV ||ΩPAV
|.

For many realizable mixed-world queries, the multiplicities
mV (Q) are much smaller because only a strict subset of
parent–world contexts is ever visited.

The same context-count rule applies unchanged at L3, and
at L2 when read in the single-regime function-space view
(rather than the entry-space count of Sec. 2); the next ex-
ample shows how an L3 query forces the full set of parent–
world contexts and thereby recovers the worst-case L3 car-
dinality.

Example 2 (worst-case L3 contexts on the NDE graph).
Consider the L3 query Q2 = P

(
X, Yx, Yx′

)
. On the NDE

graph with parents pa(Y ) = {X,W}, evaluating both Yx
and Yx′ requires fY over the four labeled (X,W ) contexts

SY (Q2) = {(x, 0x), (x, 1x), (x′, 0x′), (x′, 1x′)},

hence mY (Q2) = 4 (binary case). Similarly,

SW (Q2) = {(x)x, (x′)x′}, SX(Q2) = {()},

so mW (Q2) = 2 and mX(Q2) = 1. This illustrates how
multiple regimes can force the full set of parent–world con-
texts and thereby recover the worst-case L3 count.

Furthermore, requiring the same node in multiple regimes
increases context multiplicities. Intuitively, this is because
the number of distinct labeled parent–world contexts that
must be visited increases. When the regimes are disjoint in
labels (e.g., x versus x′), the required context sets typically
add (i.e., the union is close to a disjoint union), leading to
larger mV (Q).



L2.25 Illustration Consider a “globally consistent” query
(single global regime label propagation) such as

Q = P
(
X, Wx, Yx

)
∈ L2.25 \ L2.

Then mX(Q) = 1 (the natural X is present), mW (Q) = 1
(only Wx is needed), and mY (Q) = 2 because Yx must be
evaluated at (x, 0x) and (x, 1x). Thus,

dU1
= |ΩX |1 |ΩW |1 = 4, dU2

= |ΩY |2 = 4.

Comparing L2.25 and L2.5 through the context-set lens, we
find that both layers use the same counting rule (Prop. 4.2)
but differ in which mixed labels are admissible. Specifically,
L2.25 enforces a single global regime label per intervened
variable that is propagated to all descendants, whereas L2.5

permits different labels to flow to different children (re-
alizable split/edge-style interventions), subject to conflict-
freeness. When a query is admissible under both layers, the
set of visited parent–world contexts is identical, so the re-
sulting mV (Q) (and hence dU ) coincides. However, L2.5

strictly contains L2.25: there exist realizable mixed-world
queries allowed under L2.5 but excluded under L2.25 (e.g.,
Q = P (Yx,Wx′ ) on the NDE graph). In these cases, L2.25

does not admit a comparable parameterization for the query.

Query-Induced Equivalence (Quotient View) Let Ωfull

be the full L3 function space for the binary NDE model
(|Ωfull| = 27 = 128), and consider the query map for Q =
P (Yx,Wx′ ) with (x, x′) = (0, 1):

π : Ωfull 7→ Ωquery, π(u) =
(
W1(u), Y0,0(u), Y0,1(u)

)
.

Declare u ∼ u′ iff π(u) = π(u′). Then ∼ partitions Ωfull

into fibers (equivalence classes) that the query cannot dis-
tinguish. Since exactly three bits are used by π and the
remaining four bits are unused, each fiber has size 24 = 16

and |Ωquery| = |Ωfull|
fiber size = 27

24 = 23 = 8.

Interpretation. The reduction 128→ 8 is a formal quotient:
full mechanisms indistinguishable under π collapse into a
single query-state.

Ultimately, the context multiplicity mV quantifies reduc-
tion sizes without manual partitioning: the constraint-aware
quotient expands parameters only as required by the evi-
dence, yielding memory and runtime gains over the full
L3 (128-state) formulation. For completeness, additional
L1/L2 canonical-domain cardinality calculations for the IV
and Non-IV motivating graphs are provided in Sec. B.

5 EXPERIMENTS

This section empirically validates our query-specific reduc-
tion on the running NDE example under the L2.5 marginal
information set: (i) the 8-state domain Ωquery = {0, 1}3
suffices for the sharp-bound LP under the specified L2.5

Table 2: Query-specific 8-state simplex ϕabc = P (W1 =
a, Y0,0 = b, Y0,1 = c) forQ = P (Y0,W1), with g(a, b, c) =
Y0,W1

.

a =W1 b = Y0,0 c = Y0,1 ϕabc Y0,W1 = g(a, b, c)

0 0 0 ϕ000 0
0 0 1 ϕ001 0
0 1 0 ϕ010 1
0 1 1 ϕ011 1
1 0 0 ϕ100 0
1 0 1 ϕ101 1
1 1 0 ϕ110 0
1 1 1 ϕ111 1
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Figure 3: Posterior histograms of Q under binomial sum-
maries (top) and multinomial t-data (bottom) for n ∈
{200, 500, 1000}. The 8-state and lifted 128-state evalu-
ations overlap up to numerical precision.

marginal information set, and (ii) solving the sharp-bound
LP on Ωquery is faster than on the lifted 128-state domain1.

5.1 SETUP: TARGET, SHARP BOUNDS, AND
GROUND TRUTH

Let t = (A,B,C) ∈ Ωquery = {0, 1}3 and ϕ ∈ ∆(Ωquery).
The target query is Q = P (Y0,W1

= 1) = g⊤ϕ with
g(a, b, c) = (1 − a)b + ac. Under L2.5, the available data
enter the LP through three marginal summaries, which serve
as the constraint vector. Define the marginal summary vec-
tor p = (pw1, py00, py01) by pw1 = A⊤ϕ, py00 = B⊤ϕ,
and py01 = C⊤ϕ, where A,B,C ∈ {0, 1}8 are the stacked
coordinate vectors over Ωquery (fixed ordering), i.e., for
t = (a, b, c) we set At = a, Bt = b, and Ct = c.

Given p, the sharp bounds are obtained by the linear pro-

1Code is available at: https://
github.com/snu-causality-lab/
efficient-canonical-bounding

https://github.com/snu-causality-lab/efficient-canonical-bounding
https://github.com/snu-causality-lab/efficient-canonical-bounding
https://github.com/snu-causality-lab/efficient-canonical-bounding


grams

Q(p) = min
ϕ∈∆(Ωquery)

g⊤ϕ

s.t. A⊤ϕ = pw1, B
⊤ϕ = py00, C

⊤ϕ = py01.
(3)

The upper bound Q(p) is defined analogously by replacing
min with max. We fix p⋆ = (0.6, 0.3, 0.7) and consider n ∈
{200, 500, 1000}. The interval [Q(p⋆),Q(p⋆)] is treated as
ground-truth sharp bounds in the plots. For the multino-
mial regime, we instantiate ϕ⋆ matching p⋆ via the product
form ϕ⋆(a, b, c) = P (A = a)P (B = b)P (C = c) with
P (A=1) = p⋆w1, P (B=1) = p⋆y00, and P (C=1) = p⋆y01.

5.2 OBSERVATION REGIMES AND POSTERIOR
SAMPLING ON ϕ

Regime I (binomial summaries). We observe three
binomial counts Kr ∼ Binomial(n, pr) with pr :=
r⊤ϕ for r ∈ {A,B,C}, generated using p⋆. We use
p̂ = (KA/n,KB/n,KC/n) to compute plug-in bounds
[Q(p̂),Q(p̂)]. With ϕ ∼ Dirichlet(α18) (α = 1), we draw
posterior samples of ϕ via an allocation-augmented Gibbs
sampler (Appendix Sec. E).

Regime II (multinomial query-state samples). We
observe t = (A,B,C) directly, i.e., (Nt)t∈Ωquery ∼
Multinomial(n, ϕ). Under the same prior, conjugacy yields
ϕ | (Nt) ∼ Dirichlet(α18 +N), so posterior sampling is
immediate.

5.3 POSTERIOR PROPAGATION AND 8-VS-128
EQUIVALENCE

Both regimes produce posterior draws of ϕ; we now map
each draw to the query value and compare its reduced
and lifted evaluations. For each posterior draw ϕ(s), we
compute Q(s)

8 = g⊤ϕ(s) and its full-space counterpart
Q(s)

128 = q⊤ψ(s), where ψ(s) is any lift of ϕ(s) to ∆(Ωfull)
and q(u) := g(π(u)) with π : Ωfull 7→ Ωquery. Since q is
constant on fibers of π,Q(s)

128 = Q(s)
8 for any such lift. Fig. 3

confirms this equality of query evaluations, up to numeri-
cal tolerance, across all n and both regimes, alongside the
ground-truth interval and plug-in sharp bounds.

Having confirmed the reduced-vs-lifted query-evaluation
agreement, we turn to the computational cost of solving the
corresponding sharp-bound LPs.

5.4 RUNTIME EVALUATION

We solve the sharp-bound LP (i) on the reduced 8-variable
form (3) and (ii) on the lifted 128-variable form on Ωfull,
reporting the ECOS-reported solve_time. Because the

Table 3: Solver-reported optimization time (solve_time)
per LP solve on the reduced 8-state domain vs. the lifted
128-state domain. Median [IQR] over 20 random seeds on a
fixed node (Intel Xeon Gold 5317, single-threaded ECOS);
solve time is governed by the LP size, not the sample size n.
Speedup = ratio of medians.

8-state (ms) 128-state (ms) speedup (×)

0.036 [0.036, 0.036] 0.341 [0.340, 0.341] 9.42 [9.38, 9.48]

LP size is fixed by the query rather than by the sample
size n, Table 3 reports the median solve time with its inter-
quartile range (IQR) over 20 random seeds, measured single-
threaded on a fixed node; the empirical speedup is the ratio
of medians time128/time8.

Beyond the running example. To confirm that the re-
duction is not specific to the running NDE example, Sec. G
evaluates randomly sampled feasible instances under the full
Pobs information set, and Sec. H.1 repeats the agreement-
and-runtime protocol on two additional named graphs: a
PNS confounded-mediator graph and a ternary-mediator
NDE graph. In all reported cases, the reduced and lifted
sharp bounds coincide to solver tolerance (≤ 3.7 × 10−9;
Fig. 8, Table 7), and the speedup grows with the lifted do-
main, reaching ≈ 118× for the 4608-state ternary graph.

6 CONCLUSION

In this paper, we proposed a constraint-aware reduction
framework to address the exponential growth of state spaces
in partial causal identification. By recognizing that canonical
domains are tightly coupled with a target query and an avail-
able information set, we provided theoretical guarantees for
safe state-space quotients and introduced a structural count-
ing methodology to characterize reduced canonical dimen-
sions. Empirically, the query-specific 8-state formulation
reproduces the optimal bounds and posterior propagation
of the lifted 128-state formulation within numerical preci-
sion, while achieving a consistent runtime speedup (median
≈ 9.4× in solve_time, rising to ∼300× as the lifted
domain grows; see App. F). Future work will explore ex-
tending these geometric reductions to continuous variables
and to richer missing-data and partial-information regimes—
for example, missing-not-at-random (MNAR) reports on the
NDE and IV graphs, coarsened counterfactual outcomes,
and block-missing survey marginals released as separate
tables.
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Canonical Domain Reduction for Partial Counterfactual Identification
(Supplementary Material)

A PRELIMINARIES

We introduce in this section some basic notations and definitions that will be used throughout the paper.

Definition A.1 (C-clique). For a causal diagram G,

a c-clique K ⊆ V is a set of observed nodes such that every pair of nodes in

K is connected by a bi-directed edge in G (i.e., K induces a complete subgraph of bi-directed edges). K(G) denotes the
set of all c-cliques in a causal diagram G. Every c-clique is contained in a c-component, but need not itself be a maximal
c-component.

For example, the causal diagram of Fig. 1 contains a single c-component C = {X,Y, Z}; yet, it contains two c-cliques
K = {Z, Y } and K = {X,Y }.

Definition A.2 (C-collection). For a causal diagram G and a set of queries P ⊆ L1 ∪ L2 over observed variables V, we
define a c-collection C for (G,P) if

C =
⋃
Z∈Z

C(G[Z]),

where
Z = {Z = An(Y)G\X | Px(Y) ∈ P},

and C(G[Z]) denotes the family of (maximal) c-components of the induced subgraph G[Z], i.e., each element is a maximal
set of vertices that are connected by a path of bi-directed edges within G[Z].

Definition A.3 (Minimal c-collection). [Zhang, 2023] Let G be a causal diagram over V, let P ⊆ L1 ∪L2 be a set of target
queries, and let C = C(G,P) be the c-collection constructed from (G,P).

A subfamily C′ ⊆ C is a reduction of C if it can be obtained by successively removing identifiable c-components, where
identifiability is certified whenever there exists C′ ∈ C with C ⊂ C′ and IDENTIFY(C,C′,G) ̸= FAIL [Tian and Pearl,
2003]. A reduction C∗ is minimal if no proper subset of C∗ is a reduction. We call such a minimal reduction C∗ the minimal
c-collection for (G,P).

The MINCOLLECT procedure has several important properties. First, every C∗ is a C′ (i.e., a reduction), but not every C′ is
C∗. Regarding identifiability, for any two structural models compatible with the same diagram that agree on all c-factors
in C \ {C}, the value of Q[C] is the same; equivalently, Q[C] is a (single-valued) functional of {Q[C′] : C′ ∈ C \ {C}}.
A reduction is obtained by successively removing c-components that are identifiable from the remaining c-factors. In
particular, whenever there exists C′ ∈ C with C ⊂ C′ and an identification routine (e.g., IDENTIFY(C,C′,G)) returns a
valid expression for Q[C], we may safely remove C. Finally, the family of reductions is closed under intersection, hence
there exists a unique minimal reduction. The procedure MINCOLLECT returns this minimal reduction, which we call the
minimal c-collection for (G,P), and whose c-factors suffice to represent every target query in P .

Definition A.4 (Explicitization). [Zhang, 2023] The explicitization of a causal diagram G over nodes V, denoted by
H = EXPLICIT(G) is a causal diagram over nodes V ∪U constructed as follows.

1. Add each variable in V as a node ofH;

2. For each c-clique Ki in G, add an exogenous node Ui inH;

3. For each variable V in a c-clique Ki, add an edge Ui → V inH.



For instance, consider the causal diagram of Fig. 4b, U1 can be explicitly shown and connected to Z and Y . U2 can be also
explicitly drawn and connected to X and Y .

For a component C, let pa(C) := (
⋃
V ∈C pa(V )) \ C. In the following propositions, sums over exogenous variables

range over joint assignments u ∈
∏
U∈U ΩU , with uU denoting the U -coordinate and mutual independence giving

P (u) =
∏
U∈U PU (uU ).

Proposition A.5. (Canonical domain cardinality for L1 distribution) For any SCMM = ⟨V,U,F , P (U)⟩ and U ∈ U,
the canonical domain cardinality for P (V) is as follows:

dU =
∏

V ∈C(U)∪pa(C(U))

|ΩV |,

where
P (v) =

∑
u∈

∏
U∈U ΩU

1{V(u) = v}
∏
U∈U

PU (uU ).

Proposition A.6. (Canonical domain cardinality for L2 distribution) For any SCMM = ⟨V,U,F , P (U)⟩, U ∈ U, and
any subset X,Y ⊆ V, the canonical domain cardinality for P (Yx) is as follows:

dU =
∏

V ∈C(U)

|ΩPAV
× ΩV |,

where
P (yx) =

∑
u∈

∏
U∈U ΩU

1{Yx(u) = y}
∏
U∈U

PU (uU ).

Proposition A.7. (Canonical domain cardinality for L3 distribution) For any SCM M = ⟨V,U,F , P (U)⟩, let
Yx, · · · ,Zw be an arbitrary set of counterfactual variables. Then, the canonical domain cardinality for the distribu-
tion P (Yx, · · · ,Zw) is as follows:

dU =
∏

V ∈C(U)

|ΩPAV
7→ ΩV |with |ΩA 7→ ΩB | = |ΩB ||ΩA|,

where
P (yx, · · · , zw) =

∑
u∈

∏
U∈U ΩU

1{Yx(u) = y, · · · ,Zw(u) = z}
∏
U∈U

PU (uU ).

Counterfactual variables Yx(u) = {Yx(u) | ∀Y ∈ Y} are recursively defined as:

Yx(u) =

{
xY , if Y ∈ X

fY ((PaY )x(u), uY ), otherwise

where xY is the value assigned to Y in x; and (PaY )x(u) is a set of potential responses {Vx(u) | ∀V ∈ PaY }.

Proposition A.8. (Canonical domain cardinality for multiple distributions from L1 and L2) For any SCM M =

⟨V,U,F , P (U)⟩, P = {P (k) ≡ P (V
(k)

x(k)) : k = 1, · · · ,K} is a finite collection of L1 and L2 targets (each x(k)

possibly ∅; no nested counterfactuals). Then, the canonical cardinality for P is as follows:

dU ≡ |ΩU | =
∑

C∈C∗(U)

∏
V ∈C∪pa(C)

|ΩV |,

where
P (k)(v(k)) =

∑
u∈

∏
U∈U ΩU

1{V(k)

x(k)(u) = v(k)}
∏
U∈U

PU (uU ).

We can observe that cardinalities of exogenous domains rely on the total number of c-components in C.
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Figure 4: IV and Non-IV diagrams

Proposition A.9 (Natural bounds from marginals via a truncated-sum argument). [Mikusinski et al., 1991–1992] Let
S, T ∈ {0, 1} be binary random variables. Suppose only the marginals

p := P (S = 1), q := P (T = 1)

are known. Then the joint probability r := P (S = 1, T = 1) is bounded as

max{0, p+ q − 1} ≤ r ≤ min{p, q}.

Moreover, both endpoints are attainable by some joint distribution of (S, T ) with the given marginals.

Definition A.10 (Layer 2.25 and 2.5 (L2.25 and L2.5)). [Yang and Bareinboim, 2025] An SCMM = ⟨U,V,F , P (u)⟩
induces a family of joint distributions over V, indexed by each interventional value set x. For each X,Y ⊆ V and x ∈ ΩX:

PM

 ∧
Vi∈Y\X

Vi[xi]
= vi,

∧
Vi∈Y∩X, vi=Vi∩x

Vi[xi\vi]
= vi


=
∑
u

1

 ∧
Vi∈Y\X

Vi[xi]
(u) = vi,

∧
Vi∈Y∩X, vi=Vi∩x

Vi[xi\vi]
(u) = vi

P (u).
subject to the following conditions if PL2.25 :

(i) xi ⊆ x and
⋃
i

xi = x;

(ii) for any vi ∈ x and all Vj ∈ Y, if Vi ∈ An(Vj) inMx\Vj
, then vi ∈ xj .

and if PL2.5 :

(i) Xi ⊆ X,xi ∈ ΩXi
and

⋃
i

Xi = X;

(ii) for any Vi and any B ∈ X ∩Pa(Vi) , and for all Vj ∈ Y: if Vi /∈ Xj and Vi ∈ An(Vj) inMxj , then xi ∩B = xj ∩B.

(Here, Pa(Vi) in the original notation corresponds to the strict directed parent set pa(Vi) used in this paper.)

B MOTIVATING EXAMPLE

B.1 CANONICAL DOMAIN CARDINALITY IN L1,L2 DISTRIBUTIONS

Consider the “IV” diagram in Fig. 4a with binary X,Y, Z ∈ {0, 1}. By Def. A.4, if we explicitly draw exogenous variables
U1, U2, there are two c-components C1 = {Z},C2 = {X,Y } with their exogenous parents UC1

= {U1},UC2
= {U2}.

By Prop. A.5, P (U1) and P (U2) are discrete distributions over finite domains {1, · · · , dU1
} and {1, · · · , dU2

}. These
cardinalities dU1 and dU2 are given by

dU1 = |ΩZ | = 2

dU2
= |ΩX | × |ΩY | × |ΩZ | = 8.

Similarly, for Fig. 4b, the cardinality can be calculated as dU = |ΩU | = 8 since it contains one c-component C = {X,Y, Z}.
So far, we calculate the cardinalities for L1 distributions. Now, consider L2 distributions—i.e., P (Yx) query can be
considered. By Prop. A.6, cardinalities dU1 and dU2 are given by

dU1
= |ΩPaZ × ΩZ | = |ΩZ | = 2



dU2 = |ΩPaX × ΩX | · |ΩPaY × ΩY | = |ΩZ × ΩX | · |ΩX × ΩY | = 16.

Similarly, for Fig. 4b, U1, U2 are covered by the same c-component—i.e., there is only one c-component C = {X,Y, Z}.
Thus, the cardinality is calculated as

dU = |ΩZ | · |ΩZ × ΩX | · |ΩX × ΩY | = 32.

B.2 CANONICAL DOMAIN CARDINALITY IN MULTIPLE DISTRIBUTIONS

We now consider a problem of finding canonical domain cardinalities for a collection of distributions P = {Px(Y) |
∀X,Y ⊆ V} in G. For instance, consider the problem of representing distributions P = {P (X,Y, Z), Px(Y, Z)} in Fig. 4a.
The c-collection consists of c-components of the observational distribution P (X,Y, Z) and interventional distribution
Px(Y, Z): CIV = {{Z}, {X,Y }, {Y }}. By c-coverings C(U)—the subset of c-components in C covering an exogenous
variable U , exogenous node U1 is covered by CIV (U1) = {{Z}} and U2 is covered by CIV (U2) = {{X,Y }, {Y }}. Then,
by Prop. A.8, we can obtain two cardinalities of dU1 and dU2 :

dU1
= |ΩZ | = 2

dU2
= |ΩX | · |ΩY | · |ΩZ |+ |ΩX | · |ΩY | = 12.

Similarly, for Fig. 4b, c-collection CNIV = {{X,Y, Z}, {Y, Z}} is obtained from G. Then, its c-coverings can be written
as CNIV (U1) = CNIV (U2) = {{X,Y, Z}, {Y, Z}}. We have one canonical domain cardinality obtained by Prop. A.8:
dU = |ΩX |·|ΩY |·|ΩZ |+|ΩX |·|ΩY |·|ΩZ | = 16. As one can see, we require fewer model parameters (i.e., smaller cardinality)
if we consider multiple distributions in G rather than a single distribution. Another insight we get from these examples is
that the sparser the network structure of G, the fewer model parameters are required to represent target distributions in P .
Concretely, comparing Fig. 4a to Fig. 4b, “IV” diagram contains fewer bi-directed edges than “Non-IV” diagram. “Sparser”
refers to edge-wise sparsity—fewer directed parents into each node and fewer bi-directed (latent confounding) edges. In
our construction, the canonical exogenous size satisfies Prop. A.5, Prop. A.6 and Prop. A.8; thus, edge sparsity reduces (i)
the number of c-components that survive in the target-specific ancestor subgraphs (shrinking C∗), and (ii) the size of each
component-plus-parent context C ∪ pa(C). Both effects strictly decrease the summed context-domain term and therefore
the total number of model parameters needed to realize the family P .

C DERIVATION OF THE CLOSED-FORM SHARP BOUNDS FOR RUNNING EXAMPLE

Proposition C.1 (Closed-form sharp bounds under L2.5 marginals). Let p = (pw1, py00, py01). For this particular query
and constraint set, the bounds admit the following closed form:

Q(p) = max{0, py00 − pw1}+max{0, py01 − (1− pw1)},
Q(p) = min{py00, 1− pw1}+min{py01, pw1}.

(4)

Both endpoints are attainable by some ϕ ∈ F(p); hence the bounds are sharp.

To connect this back to Eq. (4), observe that in the running example, Q = E[g(A,B,C)] = P (A = 0, B = 1) + P (A =
1, C = 1). Applying Prop. A.9 to (S, T ) = (1{A = 0},1{B = 1}), we have p = P (A = 0) = 1 − pw1 and
q = P (B = 1) = py00, giving

max{0, py00 − pw1} ≤ P (A = 0, B = 1) ≤ min{1− pw1, py00}.

Similarly, applying it to (S, T ) = (1{A = 1},1{C = 1}) yields

max{0, py01 − (1− pw1)} ≤ P (A = 1, C = 1) ≤ min{pw1, py01}.

Summing the lower (resp. upper) bounds successfully recovers Eq. (4).



D POSTERIOR INFERENCE FOR THE RUNNING EXAMPLE

We consider two complementary observation regimes. In both cases, posterior inference targets the identified distribution ϕ
on Ωquery = {0, 1}3 and the induced posterior of the query

Q = g⊤ϕ, g(a, b, c) = (1− a)b+ ac.

Given a posterior draw ϕ(s), we compute

Q(s) = g⊤ϕ(s), p(s) =
(
A⊤ϕ(s), B⊤ϕ(s), C⊤ϕ(s)

)
, [L(s), U (s)] =

[
Q(p(s)), Q(p(s))

]
, (5)

where Q(·),Q(·) are the sharp bounds computed from (4) (equivalently, the 8-variable LP over Ωquery). We summarize
{Q(s)}Ss=1 and {L(s), U (s)}Ss=1 using posterior quantiles.

Containment diagnostic. As an internal diagnostic, we compute the empirical containment frequency

P̂
(
Q ∈ [L,U ]

)
=

1

S

S∑
s=1

1
{
L(s) ≤ Q(s) ≤ U (s)

}
.

D.1 MARGINAL-ONLY BINOMIAL DATA

Observation model. We observe three independent binomial summaries

KA ∼ Binomial(nA, pw1), KB ∼ Binomial(nB , py00), KC ∼ Binomial(nC , py01), (6)

where
(pw1, py00, py01) = (A⊤ϕ,B⊤ϕ,C⊤ϕ).

Hence the likelihood depends on ϕ only through these three linear functionals (the “marginals-only” regime).

Prior and sampling strategy. We place a symmetric Dirichlet prior on ϕ,

ϕ ∼ Dirichlet(α18). (7)

Because (6) aggregates coordinates of ϕ, the posterior is not conjugate in closed form. We sample from the posterior via a
standard data-augmentation Gibbs sampler in which each binomial count in (6) is represented through latent allocations over
compatible query-states; conditional on these allocations, ϕ admits a conjugate Dirichlet update. We refer to Sec. E for the
explicit allocation step and full conditional distributions. In experiments we use burn-in 5,000, retain S = 10,000 draws,
and thinning = 1.

D.2 DIRECT QUERY-STATE SAMPLES (MULTINOMIAL DATA)

As a complementary regime with richer information, we observe i.i.d. samples of the query-state t = (A,B,C). Let Nt be
the counts over t ∈ Ωquery and write

N = (Nt)t∈Ωquery
∈ N8,

∑
t∈Ωquery

Nt = n.

Under the same prior (7), conjugacy yields the closed-form posterior

ϕ | N ∼ Dirichlet
(
α18 +N

)
,

from which we draw {ϕ(s)}Ss=1 directly.

Visualization used in the main text. For both regimes, we report posterior histograms of Q across n ∈ {200, 500, 1000},
overlaying the 8-state evaluation Q(s)

8 = g⊤ϕ(s) with the full-space evaluation Q(s)
128 = q⊤ψ(s) obtained by lifting ϕ(s)

uniformly within each fiber of the quotient map. The near-perfect overlap of these histograms illustrates that the query is
fully determined by the reduced 8-state representation. Runtime comparisons between the 8-variable and 128-variable LPs
are reported in Table 3 (main text).



Algorithm 1 Constraint-Aware Bounding via Query-Specific Canonical Domains
Require: Causal graph G; target linear queryQ; linear information constraints C with observed values p.
Ensure: Sharp bounds [L,U ] forQ.

% Phase 1: Canonical-domain construction (constraint-aware reduction)
1: Determine the minimal set of response-function / counterfactual components required to evaluate Q and all constraints in C (cf.

Sec. 4).
2: Construct a full canonical domain Ωfull as the state space of these required components.
▷ “Active-variable” filtering is only a heuristic; correctness is guaranteed by the safe-quotient criterion below.

% Phase 2: Full-domain coefficient evaluation (objective + constraints)
3: Initialize c ∈ R|Ωfull| and M ∈ Rm×|Ωfull|.
4: for each full canonical state u ∈ Ωfull do
5: cu ← EVALUATEQUERY(Q, u)
6: for each constraint ci ∈ C (with value pi) do
7: Mi,u ← EVALUATECONSTRAINT(ci, u)

▷ Full LP: min /maxψ c⊤ψ s.t. Mψ = p, ψ ≥ 0, 1⊤ψ = 1.

% Phase 3: Coarsest safe quotient and reduced LP parameters
8: Define the signature σ(u) := (cu, M·,u) for each u ∈ Ωfull.
9: Define the coarsest safe equivalence relation on Ωfull:

u ∼ u′ ⇐⇒ σ(u) = σ(u′) (i.e., cu = cu′ ∧ M·,u =M·,u′).

10: Let Ωred := Ωfull/∼ and let π : Ωfull → Ωred be the quotient map.
11: Form the pushforward matrix Π ∈ {0, 1}|Ωred|×|Ωfull| with Πt,u = 1{π(u) = t}.
12: Initialize reduced objective coefficients q← 0|Ωred| and reduced constraint matrix A← 0m×|Ωred|.
13: for each class t ∈ Ωred do
14: pick any representative u(t) ∈ π−1(t)
15: q[t]← cu(t), A·,t ←M·,u(t)

▷ Well-defined since σ(u) is constant within each class; equivalently, c = Π⊤q and M = AΠ (Prop. 3.1).

% Phase 4: Sharp-bound LP on the reduced canonical domain
16: Define decision variable ϕ ∈ ∆(Ωred) over Ωred.
17: Solve the reduced LPs:

L← min
ϕ∈∆(Ωred)

q⊤ϕ s.t. Aϕ = p, ϕ ≥ 0, 1⊤ϕ = 1, U ← max
ϕ∈∆(Ωred)

q⊤ϕ s.t. Aϕ = p, ϕ ≥ 0, 1⊤ϕ = 1.

▷ By Prop. 3.1, [L,U ] equals the full-domain sharp bounds.
18: Solve using an LP solver (e.g., CVXPY, Gurobi, MOSEK).
19: return [L,U ]

D.3 PSEUDOCODE FOR THE SAFE-QUOTIENT LP

For completeness, we provide pseudocode for the constraint-aware reduction and reduced LP solve described in Sec. 3.1.
Phase 1 (constructing Ωfull without unnecessary enumeration) can be instantiated using the structural counting procedure in
Sec. 4.

E POSTERIOR INFERENCE FOR THE RUNNING EXAMPLE: EXPLICIT ALLOCATION
STEP

This appendix provides the latent-allocation construction used for the marginal-only binomial regime in Sec. D.1. Throughout,
t = (A,B,C) ∈ Ωquery = {0, 1}3 and ϕ ∈ ∆(Ωquery) denotes its distribution, with prior (7).

E.1 BINOMIAL SUMMARIES AS PARTIALLY OBSERVED CATEGORICAL DATA

Define the index sets

S1
A = {t : A(t) = 1}, S0

A = {t : A(t) = 0}, S1
B , S

0
B , S

1
C , S

0
C analogously.



Regime I observes (KA,KB ,KC) as in (6). Equivalently, for each r ∈ {A,B,C}, introduce latent i.i.d. categorical samples

T (i)
r

i.i.d.∼ Categorical(ϕ), i = 1, . . . , nr,

and suppose we only observe the binary label Y (i)
r := r(T

(i)
r ) ∈ {0, 1}. Then Kr =

∑nr

i=1 Y
(i)
r satisfies

P (Y (i)
r = 1 | ϕ) =

∑
t∈S1

r

ϕt, Kr | ϕ ∼ Binomial

nr,∑
t∈S1

r

ϕt

 ,

which matches (6).

E.2 EXPLICIT ALLOCATION STEP AND DIRICHLET UPDATE

Because the binomial likelihood aggregates multiple coordinates of ϕ, the posterior is not conjugate in ϕ directly. We restore
conjugacy by introducing latent allocations over Ωquery.

Allocation variables. For each r ∈ {A,B,C} and t ∈ Ωquery, define

Z1
r,t := #{i : T (i)

r = t, r(T (i)
r ) = 1}, Z0

r,t := #{i : T (i)
r = t, r(T (i)

r ) = 0}.

Then Z1
r,t = 0 for t /∈ S1

r and Z0
r,t = 0 for t /∈ S0

r , with∑
t∈S1

r

Z1
r,t = Kr,

∑
t∈S0

r

Z0
r,t = nr −Kr.

Conditional allocation distributions. Given ϕ and Kr, the latent categories for the Kr “successes” are i.i.d. on S1
r with

P (T = t | r(T ) = 1, ϕ) =
ϕt∑

u∈S1
r
ϕu

(t ∈ S1
r ),

hence

(Z1
r,t)t∈S1

r
| ϕ,Kr ∼ Multinomial

Kr,

(
ϕt∑

u∈S1
r
ϕu

)
t∈S1

r

 . (8)

Similarly, for the (nr −Kr) “failures”,

(Z0
r,t)t∈S0

r
| ϕ, nr −Kr ∼ Multinomial

nr −Kr,

(
ϕt∑

u∈S0
r
ϕu

)
t∈S0

r

 . (9)

Pseudo-count aggregation and Dirichlet update. Combine allocations across marginals into pseudo-counts

Nt :=
∑

r∈{A,B,C}

(
Z1
r,t + Z0

r,t

)
, t ∈ Ωquery. (10)

Under the prior (7), conjugacy yields
ϕ | Z ∼ Dirichlet

(
α18 +N

)
. (11)

E.3 GIBBS SAMPLER FOR REGIME I

Alg. 2 summarizes the data-augmentation Gibbs sampler used in experiments.

E.4 POSTERIOR PROPAGATION AND 8-VS-128 EVALUATION

For each retained draw ϕ(s), we computeQ(s)
8 = g⊤ϕ(s) and p(s) = (A⊤ϕ(s),B⊤ϕ(s),C⊤ϕ(s)) as in (5). We then evaluate

sharp bounds [L(s), U (s)] via (4) (or equivalently the 8-variable LP). To validate the “8-state suffices” claim, we also lift
ϕ(s) to ψ(s) ∈ ∆(Ωfull) by distributing mass uniformly within each fiber of the quotient map, and compute Q(s)

128 = q⊤ψ(s).
In all experiments, Q(s)

128 matches Q(s)
8 up to numerical precision.



Algorithm 2 Data-augmentation Gibbs sampler for marginal-only binomial summaries

Require: (KA,KB ,KC), (nA, nB , nC), prior α
Ensure: posterior draws {ϕ(s)}Ss=1

1: Initialize ϕ(0) ∈ ∆(Ωquery)
2: for ℓ = 1, 2, . . . , (burn + S) do
3: for r ∈ {A,B,C} do
4: Sample (Z1

r,t)t∈S1
r

from (8)
5: Sample (Z0

r,t)t∈S0
r

from (9)

6: Form N via (10)
7: Sample ϕ(ℓ) from (11)
8: if ℓ > burn then
9: Store ϕ(ℓ)

10: return posterior draws {ϕ(s)}Ss=1

F ADDITIONAL FIGURES

The main text reports a 2× 3 grid of posterior histograms (binomial top, multinomial bottom) across n ∈ {200, 500, 1000}.
Here we provide compact summaries of posterior uncertainty and diagnostic agreement.

Fig. 5–Fig. 7 provide complementary summaries that are not shown in the main text. They (i) visualize how posterior
uncertainty propagates to the sharp bounds themselves, (ii) summarize posterior uncertainty for the query value Q, and (iii)
verify numerical agreement between reduced 8-state query evaluations and their lifted 128-state counterparts.

Fig. 5 (posterior bands for sharp bounds). This figure reports posterior uncertainty for the identified interval endpoints
[Q(p),Q(p)] as a function of sample size n, separately for the binomial (marginal-only) and multinomial (direct t-data)
regimes. For each posterior draw ϕ(s), we form p(s) = (A⊤ϕ(s), B⊤ϕ(s), C⊤ϕ(s)) and compute the induced sharp bounds
[L(s), U (s)] = [Q(p(s)),Q(p(s))] using the closed form in Sec. C (equivalently, the 8-variable LP). The shaded regions
summarize central posterior bands (e.g., 2.5%–97.5%) of {L(s)} and {U (s)}, while the solid lines show posterior medians.
The horizontal reference lines correspond to the ground-truth sharp bounds at p⋆, i.e., [Q(p⋆),Q(p⋆)]. As n increases, the
multinomial regime yields tighter bands because it directly informs ϕ, whereas the binomial regime remains relatively wider
since it only informs the three marginals.

Fig. 6 (posterior bands for the query value). This figure summarizes the posterior distribution of Q = g⊤ϕ across n
under the two observation regimes. The central band and median are computed from {Q(s)}Ss=1 with Q(s) = g⊤ϕ(s). In the
multinomial regime, posterior concentration is rapid because ϕ is directly observed through counts Nt (conjugate Dirichlet
update), while in the binomial regime posterior uncertainty is larger because the likelihood depends on ϕ only through
(A⊤ϕ,B⊤ϕ,C⊤ϕ) and the remaining degrees of freedom are only weakly informed by the data. The dashed horizontal
reference marks the true query value Q⋆ = g⊤ϕ⋆ used in the simulation setup.

Fig. 7 (lift consistency: 8-state vs. 128-state query value). For each posterior draw ϕ(s) we evaluate the query both in
the reduced 8-state representation, Q(s)

8 = g⊤ϕ(s), and after a uniform lift to the full 128-state domain, Q(s)
128 = q⊤ψ(s).

Because q is constant on the fibers of the quotient map (Prop. 3.1), these coincide exactly in theory; the figure plots the
median/p99/max of |Q(s)

128 − Q
(s)
8 | over draws and confirms the implementation reproduces this to machine precision

(∼ 10−16). This validates the lift correspondence, not the LP solve: the genuine agreement between reduced and lifted
sharp-bound LP solutions is reported separately in Table 7 (named graphs, ≤ 3.4× 10−9) and Fig. 8 (16-state safe quotient,
∼10−9).

Timing protocol. Reported solver times are ECOS solver_stats.solve_time for a cached CVXPY-Parameter
LP (constraint matrices and problem pre-constructed), each value summing the lower- and upper-bound solves. We pin
the ECOS tolerances (10−8) and run ECOS only (no silent solver fallback), single-threaded, behind a CPU-load preflight
check, and report the median with inter-quartile range over repeated warm-started batches on a fixed node (Intel Xeon
Gold 5317) across 20 seeds. Timing uses a deterministic feasible representative right-hand side p; the reported speedups
are therefore steady-state cached solver-time speedups for a representative instance—not cold-start, LP-construction, or
end-to-end posterior runtime (wall-clock is reported separately in Table 4). Because ECOS iteration counts can depend on p,
these are representative fixed-instance speedups rather than a uniform guarantee over all feasible p; a sweep over random
feasible p on the NDE example gives a median ≈10× (range ∼8.5–13×).
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Figure 5: Posterior bands for the sharp lower and upper bounds across n under the binomial (marginal-only) and multinomial
(direct query-state) observation regimes. Shaded regions denote central posterior bands and solid lines denote posterior
medians; horizontal lines show the ground-truth sharp bounds.
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Figure 6: Posterior bands of the query value Q across n under the two observation regimes.

Wall-clock vs. solver-time runtimes. Table 4 reports end-to-end wall-clock times for solving the sharp-bound LPs on the
reduced 8-state domain and on the lifted 128-state domain. Because the running-example LPs are small, wall-clock times
include non-negligible modeling overhead (e.g., CVXPY canonicalization and Python-level problem construction), which
limits the apparent speedup. For this reason, the main text reports solver-reported optimization time (solve_time); we
include the wall-clock table here for completeness.

Stress scaling with larger lifted domains. We synthetically increase the fiber size of the lifted full-space LP (thus
increasing the full dimension) while keeping the reduced 8-state LP fixed. This fiber-inflated 128-dimensional LP (fiber 16)
is structurally distinct from the genuine lifted NDE of Table 3, so their 128-state solve times differ slightly. Table 5 reports
solver-reported optimization time (solve_time); the speedup grows rapidly as the lifted domain increases.

G ADDITIONAL EXPERIMENT: Pobs INFORMATION SET (SAFE QUOTIENT VS.
QUERY-ONLY)

We additionally evaluate the information-set-aware reduction under the full observational information set I = Pobs(X,W, Y ).
At the same data we compare three LPs: (i) the full 128-state canonical domain (reference); (ii) the coarsest safe σ-quotient
for (Q, I), which here has 16 states; and (iii) a naive query-only reduction (8 states, the L2.5 marginal domain) that drops
the Pobs constraints it cannot represent. We draw 2,000 random feasible canonical distributions ψ ∈ ∆(Ωfull), form the
induced data, and solve all three.

The safe quotient is exact; query-only is not. Fig. 8 contrasts both reductions with the 128-state reference. The 16-state
safe σ-quotient matches the full bounds to solver tolerance (worst-case max |∆bound| has median 3.6× 10−9 and stays
≤ 3.7 × 10−9 over all draws), confirming it preserves the Pobs-induced feasible set. The 8-state query-only reduction,
by contrast, loosens the bounds on every draw (median max |∆bound| = 0.075, p99 ≈ 0.19, max ≈ 0.23): dropping the
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Figure 7: Lift consistency: the reduced 8-state query evaluation versus its uniform lift to the 128-state domain across
posterior draws. Discrepancies are at machine precision (∼10−16), confirming the lift is exact; reduced-vs-lifted LP-solve
agreement is reported in Table 7 and Fig. 8.

Table 4: End-to-end wall-clock runtime per LP solve. Median [IQR] over 20 seeds on a fixed node; wall-clock includes
CVXPY/Python overhead, which dominates at this LP size and limits the apparent speedup.

8-state (ms) 128-state (ms) speedup (×)

1.89 [1.88, 1.90] 2.39 [2.38, 2.40] 1.27 [1.26, 1.27]

non-representable Pobs constraints enlarges the feasible set, a common but unsafe simplification. The 16-state safe LP also
solves faster than the 128-state one (median ≈ 5.7× in solve_time, measured as in the timing protocol above).

X

M

Y

(a) Confounded mediator graph with queryQ = P (Yx =
1, Yx′ = 0).

Z X

M

Y

ternary

(b) IV graph with a ternary mediator, direct edge X → Y , and query
Q = P (Y1,M0 = 1).

Figure 9: Left: confounded mediator graph with a direct edge X → Y for the PNS-type query. Right: IV graph with a
ternary mediator and a direct edge X → Y for the NDE-type query.

H ADDITIONAL NON-IDENTIFIABLE EXAMPLES: CONTEXT-AWARE CANONICAL
CARDINALITIES

To further illustrate that the effective canonical domain depends on the (query, information-set) pair rather than on the graph
alone, we consider two additional non-identifiable examples beyond the running NDE setting in the main text. Throughout,
we use the same counting logic as Def. 4.1 and Prop. 4.2: we count only those parent–world contexts at which each structural
function is actually queried. Thus, the resulting sizes should be interpreted in the same sense as Table 1 in the main text,
namely as sufficient reduced canonical sizes induced by the target query together with the chosen information regime.

Two notions of reduced size. In the additional examples below, we distinguish between two closely related but conceptu-
ally different notions. First, Def. 4.1 and Prop. 4.2 yield a query-only sufficient function-space size, obtained by counting
only those parent–world contexts at which each structural function must be evaluated in order to realize the target query.
Second, Prop. 3.1 justifies a constraint-aware reduction that preserves both the target query and the selected information
constraints.

Graph 1: Confounded mediator with a PNS query. (Fig. 9a) Consider the graph X →M → Y , X → Y , X ↔ Y , and
M ↔ Y , and the cross-world query

QPNS = P (Yx, Yx′),



Table 5: Stress scaling using solver-reported solve_time. Median [IQR] over 20 seeds on a fixed node (Intel Xeon Gold
5317, single-threaded ECOS); the reduced 8-state solve is ≈ 0.035ms throughout. Speedup = lifted/8-state median.

fiber lifted dim lifted solve (ms) speedup (×)

16 128 0.350 10.1 [10.0, 10.1]

64 512 2.037 58.6 [58.2, 58.7]

256 2048 10.43 300.6 [297.8, 302.3]
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Figure 8: Pobs regime: worst-case max |∆bound| relative to the 128-state reference over 2,000 random feasible instances.
Left: the 16-state safe σ-quotient agrees to solver tolerance (∼10−9, below the dashed line). Right: the 8-state query-only
reduction loosens the bounds (median 0.075, solid line).

which, for binary outcomes, is equivalently

QPNS = P (Yx = 1, Yx′ = 0), x ̸= x′,

where Yx := Yx,Mx . This graph is non-identifiable because treatment–outcome confounding is present through X ↔ Y ,
while the front-door pathway is invalidated by mediator–outcome confounding through M ↔ Y .

Graph 2: IV with a ternary mediator and an NDE-type query. (Fig. 9b) Consider the graph Z → X , X → M ,
M → Y , X → Y , and X ↔ Y , with Z,X, Y binary and M ∈ {0, 1, 2} (i.e., ternary), and the mixed-world query

QNDE = P (Y1,M0 = 1).

This example is useful for two reasons: first, the target is genuinely cross-world; second, the ternary mediator increases
the worst-case L3 function-space size substantially, making the difference between worst-case and query/constraint-aware
representations more visible.

Why these counts arise. For Fig. 9a (Graph 1), the worst-case L3 representation keeps the full response-function
table (X,M0,M1, Y00, Y01, Y10, Y11), giving 128 states. For the query QPNS = Pr(Yx = 1, Yx′ = 0) alone, the
context-count rule of Def. 4.1 and Prop. 4.2 yields a sufficient function-space cardinality of 64: X is fixed by inter-
vention, both Mx and Mx′ are needed, and the outcome mechanism must be evaluated at the four parent–world contexts
(x, 0x), (x, 1x), (x′, 0x

′
), (x′, 1x

′
). Hence the query-only sufficient size is 22 × 24 = 64. If, in addition, one preserves the

full observational constraints Pobs(X,M, Y ), then a valid sufficient context-count parameterization can be obtained by
retaining only the quantities below. Indeed, both the query and every observational cell 1{X = x,Mx = m,Yx,Mx = y}
depend on a full state only through (

X, M0, M1, Y0,M0
, Y1,M1

)
.

This gives a valid sufficient reduced parameterization with 21 × 22 × 22 = 32 states. The coarsest σ-signature quotient can
be smaller; this is evaluated in Table 7.

For Fig. 9b (Graph 2), the ternary mediator makes the worst-case L3 domain much larger. The full response-function
representation contains the binary instrument Z, the treatment response table (X0, X1), the ternary mediator response
table (M0,M1), and the six outcome entries (Y00, Y01, Y02, Y10, Y11, Y12), leading to 4608 states. Under the query
QNDE = Pr(Y1,M0 = 1) alone, one only needs the mediator response under X = 0, namely M0, together with the
three outcome values (Y10, Y11, Y12), so the query-only sufficient function-space size is 24, by the context-count rule of



Table 6: Additional non-identifiable examples analyzed using the context-count logic of Def. 4.1 and Prop. 4.2. The reported
sizes are sufficient context-count parameterizations computed from the counterfactual quantities retained for the target
query and information regime; they are not necessarily the coarsest σ-signature quotients, which are evaluated separately in
Table 7.

Graph / Query Information Regime Retained Counterfactual Quantities Sufficient State
Size

Graph 1: Confounded mediator X →M → Y, X → Y, X ↔ Y, M ↔ Y, binary X,M, Y , queryQPNS = Pr(Yx = 1, Yx′ = 0), x ̸= x′

Worst-case (L3) None (baseline) X, M0,M1, Y00, Y01, Y10, Y11 21 × 22 × 24 =
128

Query-only OnlyQPNS M0,M1, Y00, Y01, Y10, Y11 22 × 24 = 64
Full observational Pobs(X,M, Y ) X, M0,M1, Y0,M0 , Y1,M1 21×22×22 = 32

Graph 2: IV + ternary mediator Z → X →M → Y, X → Y, X ↔ Y, binary Z,X, Y , ternary M , queryQNDE = Pr(Y1,M0 = 1)

Worst-case (L3) None (baseline) Z, X0, X1, M0,M1, Y00, Y01, Y02, Y10, Y11, Y12 21 × 22 × 32 ×
26 = 4608

Query-only OnlyQNDE M0, Y10, Y11, Y12 31 × 23 = 24
Full observational Pobs(Z,X,M, Y ) Z, X0, X1, M0,M1, Y1,M0 , YX0,MX0

, YX1,MX1
21 × 22 × 32 ×
23 = 576

Def. 4.1 and Prop. 4.2. If one additionally preserves full observational consistency through Pobs(Z,X,M, Y ), then the
realized treatment/mediator/outcome paths induced by Z = 0 and Z = 1 must also be represented. A valid sufficient
reduced parameterization is obtained from

π(u) = (Z, X0, X1, M0, M1, Y1,M0
, YX0,MX0

, YX1,MX1
).

Both the query and every observational cell 1{Z = z,Xz = x,Mx = m,Yx,m = y} are functions of π(u), so this represen-
tation preserves the relevant objective and constraints. The ambient product-space count of this sufficient parameterization is
576, as summarized in Table 6.

No universal monotone ordering across information regimes. Unlike the running NDE example in the main text, these
additional examples do not obey a universal monotone pattern such as

|ΩL3 | ≥ |Ωobs| ≥ |Ωquery|.

This is not a contradiction, but rather a direct consequence of the main point of the paper: the effective canonical size is
determined by the specific (Q, I) pair. In particular, Def. 4.1 and Prop. 4.2 give a sufficient function-space size for realizing
a query, while the full-observational rows in Table 6 give sufficient parameterizations that preserve both the query and the
selected information constraints. These notions need not be uniformly ordered across examples. For instance, in Fig. 9a, the
cross-world PNS query alone has a sufficient function-space size of 64, while the full observational constraints are captured
by a sufficient 32-state context-count parameterization. By contrast, in Fig. 9b the query-only sufficient size is only 24, but
preserving the full observational model is captured by a substantially richer sufficient context-count parameterization of size
576.

Interpretation. These two examples reinforce the paper’s main message. The graph alone does not determine the effective
canonical domain size. Instead, the size is governed by which parent–world contexts are actually visited by the target
query and by the constraints one insists on preserving. In particular, the query-only size can be dramatically smaller than
the worst-case L3 size (e.g., 24 instead of 4608 in the IV + ternary mediator example), while adding full observational
constraints can increase the sufficient context-count size again (e.g., 24→ 576) because more structural evaluations must
be retained. Even so, the resulting sufficient domain remains substantially smaller than the naive worst-case canonical
representation.

H.1 ADDITIONAL AGREEMENT EXPERIMENTS

We next validate the agreement claims for the two additional graphs in Fig. 9, using the same evaluation protocol as in the
main text (cf. Fig. 3 and Table 3): for each problem instance (Q, I), we compare (i) the reduced formulation and (ii) a
full-domain lift, and verify that they coincide up to numerical precision, while the reduced formulation yields faster LP
solves.



Table 7: Solver-reported optimization time (solve_time) per LP solve for the two additional graphs, comparing the lifted
canonical domain with the σ-signature quotient under full Pobs constraints. Median [IQR] over 20 random seeds on a fixed
node (Intel Xeon Gold 5317, single-threaded ECOS); the reduced and lifted sharp bounds agree to the listed tolerance, so
the reduction is exact. Speedup = ratio of medians; as in Table 3 the LP size is fixed by the reduction rather than the sample
size n.

Graph lifted reduced lifted (ms) reduced (ms) speedup (×) max |∆ bound|

Graph 1 (PNS) 128 12 0.312 0.045 6.89 [6.82, 6.91] 2.3× 10−9

Graph 2 (ternary) 4608 48 16.11 0.136 118.6 [117.5, 119.1] 3.4× 10−9

Reductions. We evaluate two larger graphs: Graph 1 (PNS confounded mediator; Fig. 9a), whose lifted canonical domain
has 128 states, and Graph 2 (NDE-type with a ternary mediator; Fig. 9b), whose lifted canonical domain has 4608 states.
Under full Pobs constraints—Pobs(X,M, Y ) for Graph 1 and Pobs(Z,X,M, Y ) for Graph 2—the constraint-aware σ-
signature quotient (Prop. 3.1) merges these to 12 and 48 states, respectively. For reference, the purely query-only canonical
cardinalities (Sec. 4, ignoring observational constraints) are dU = 64 for Graph 1 and dU = 24 for Graph 2.

Runtime and exactness (Table 7). For each graph we solve the sharp-bound LP pair (min/max) repeatedly and record the
solver-reported solve_time per solve. As in the main text, the LP size is fixed by the reduction rather than the sample
size, so we report the median with inter-quartile range over 20 random seeds (single-threaded ECOS on a fixed node). The
reduced and lifted sharp bounds coincide to solver tolerance (≤ 3.4× 10−9; last column of Table 7), confirming that the
reduction is exact, while the reduced LP solves 6.9× faster for Graph 1 and 118.6× faster for Graph 2.

Summary. Both graphs reproduce the running-example findings on larger domains: the constraint-aware reduction is
exact (maximum sharp-bound discrepancy ≤ 3.4× 10−9), and the solver-time speedup grows with the lifted domain, from
6.9× at 128 states (Graph 1) to 118.6× at 4608 states (Graph 2).

I OMITTED PROOFS

This appendix provides the proofs that were omitted from the main text.

I.1 PROOFS FOR SECTION 3

Proposition 3.1 (Constraint-aware reduction preserves sharp bounds). Assume there exist a vector c̃ ∈ R|Ωred| and a matrix
M̃ ∈ Rm×|Ωred| such that

c = Π⊤c̃, M = M̃Π.

Then the full-space and reduced-space partial-identification problems are equivalent:

min
ψ∈∆(Ωfull):Mψ=p

c⊤ψ = min
ϕ∈∆(Ωred): M̃ϕ=p

c̃⊤ϕ,

and likewise with min replaced by max. In particular, the sharp bounds computed on the reduced simplex equal those
computed on the full simplex.

Proof. Let ϕ := Πψ. Since c = Π⊤c̃,

c⊤ψ = (Π⊤c̃)⊤ψ = c̃⊤(Πψ) = c̃⊤ϕ. (12)

Moreover, since M = M̃Π,
Mψ = p ⇐⇒ M̃(Πψ) = p ⇐⇒ M̃ϕ = p. (13)

Therefore, any feasible ψ for the full problem induces a feasible ϕ for the reduced problem with the same objective value.
Hence the reduced optimum cannot exceed the full optimum:

min
ψ∈∆(Ωfull):Mψ=p

c⊤ψ ≥ min
ϕ∈∆(Ωred): M̃ϕ=p

c̃⊤ϕ.



For the reverse inequality, take any feasible ϕ for the reduced problem. Because π is surjective, each fiber π−1(t) is
nonempty. Choose any selector u(t) ∈ π−1(t) and set

ψu(t) := ϕt, ψu := 0 for u ̸= u(t).

Then ψ ≥ 0, 1⊤ψ = 1, and for each t,

(Πψ)t =
∑

u:π(u)=t

ψu = ψu(t) = ϕt,

so Πψ = ϕ. Consequently, (13) gives Mψ = M̃(Πψ) = M̃ϕ = p and (12) gives c⊤ψ = c̃⊤ϕ. Thus every feasible ϕ attains
the same objective value as some feasible ψ, implying

min
ψ∈∆(Ωfull):Mψ=p

c⊤ψ ≤ min
ϕ∈∆(Ωred): M̃ϕ=p

c̃⊤ϕ.

Combining both inequalities yields equality. The argument for max is identical.

I.2 PROOFS FOR SECTION 4

Lemma 4.3 (Union representation of context sets). Let Q be as in Def. 4.1. For a node V , let TermsV (Q) denote the set of
distinct V -terms that are evaluated in the recursive substitution of structural functions of Q (including those appearing
implicitly as ancestors of the counterfactuals in Q (e.g., Yx, Yx′ , Yx,Wx′ ; duplicates with identical labels/structure are
merged). For each T ∈ TermsV (Q), let SV (T ) be the set of labeled parent assignments to pa(V ) under which fV is
evaluated when answering the single term T . Then

SV (Q) =
⋃

T∈TermsV (Q)

SV (T ),

In particular, always mV (Q) ≤
∑
T∈TermsV (Q) |SV (T )|, with equality if the sets are disjoint.

Proof. By definition, SV (Q) is the set of all labeled parent assignments at which fV is evaluated during the computation of
the whole query. Each evaluation of fV occurs while computing at least one V -term T , hence it belongs to SV (T ) for some
T . Conversely, every context in some SV (T ) is used in evaluating Q and therefore belongs to SV (Q). This gives the union
identity; the inequality is immediate.

J DISCUSSION

Exact reduction via constraint-aware quotients. Canonical LP formulations for partial identification often encode many
counterfactual degrees of freedom that are irrelevant to the sharp-bound problem at hand. Our key point is that relevance is
defined jointly by the LP objective and the information constraints: reductions that preserve only the query can be unsound,
whereas collapsing directions that are invisible to both objective and constraints yields an exact speed/space gain. Prop. 3.1
formalizes this requirement through pushforward factorization, guaranteeing that the reduced LP recovers the full-domain
sharp bounds.

Coarsest quotient and context multiplicity. The coarsest safe quotient merges full states iff they are indistinguishable to
every linear functional appearing in the optimization (objective or constraints), and Alg. 1 implements this via the signature
σ(u) = (cu,M·,u). Complementarily, context multiplicity provides a structural proxy for minimal dimension: for realizable
mixed-world queries, Prop. 4.2 shows that a sufficient function-space size factors as

∏
V |ΩV |mV (Q), where mV (Q) counts

distinct labeled parent–world contexts visited in the structural expansion; Lem. 4.3 computes these contexts as a union over
distinct V -terms, avoiding duplicate counting.

Empirical takeaway. In the running NDE example under theL2.5 marginal information set, the lifted 128-state formulation
collapses to an 8-state simplex without changing sharp bounds: posterior propagation matches under 8-state evaluation and
128-state lifting up to numerical tolerance, while solver-reported solve_time improves by about 9.4× (Table 3). Stress
scaling (Table 5) confirms that the gain grows rapidly as the lifted full-domain dimension increases.



Limitations and scope. Our reductions are exact for problems admitting a finite canonical-domain LP with linear
objectives and linear information constraints, but the magnitude of computational savings is problem-dependent: if the
objective/constraints distinguish most full states (i.e., σ(u) is nearly injective), the coarsest safe quotient can be close
to trivial and yield only modest gains. Extensions to continuous variables or nonlinear/semialgebraic constraints require
redefining indistinguishability relative to the relevant function class, and robust computation of TV (Q) may require symbolic
tooling for large graphs and complex query syntaxes. Finally, while L2.5 is motivated by realizable split/edge-style regimes,
interpreting mixed-world labels as physically implementable interventions requires additional assumptions: realizability
results indicate that counterfactual-randomization actions are only defined for subsets of direct children of a decision variable
and cannot bypass a child to directly control a non-child descendant’s perception of the decision variable.

Broader outlook. More broadly, constraint-aware reduction suggests treating canonical domains as problem instances
indexed by (Q, C) rather than objects determined solely by the diagram. This perspective is particularly valuable for iterative
workflows that repeatedly solve sharp bounds across many posterior draws or candidate decisions, where an exact quotient
can amortize the cost of high-dimensional LP solves while preserving the same identified-set semantics.


	Introduction
	Preliminaries
	Constraint-aware reduction principle
	A Sufficient Condition for ``Safe'' Reduction
	Demonstrating Constraint-Awareness: 64 vs. 8 States

	Query-Specific Canonical Domain Cardinalities Across Layers
	Canonical Domain Cardinalities in the Standard PCH: L1,L2,L3
	Query-Dependent Counts for Realizable Mixed-World Queries: L2.5 and L2.25

	Experiments
	Setup: target, sharp bounds, and ground truth
	Observation regimes and posterior sampling on 
	Posterior propagation and 8-vs-128 equivalence
	Runtime evaluation

	Conclusion
	Preliminaries
	Motivating Example
	Canonical Domain Cardinality in L1, L2 Distributions
	Canonical Domain Cardinality in Multiple Distributions

	Derivation of the Closed-Form Sharp Bounds for running example
	Posterior inference for the running example
	Marginal-only binomial data
	Direct query-state samples (multinomial data)
	Pseudocode for the safe-quotient LP

	Posterior inference for the running example: explicit allocation step
	Binomial summaries as partially observed categorical data
	Explicit allocation step and Dirichlet update
	Gibbs sampler for Regime I
	Posterior propagation and 8-vs-128 evaluation

	Additional figures
	Additional experiment: Pobs information set (safe quotient vs. query-only)
	Additional non-identifiable examples: context-aware canonical cardinalities
	Additional agreement experiments 

	Omitted Proofs
	Proofs for Section 3
	Proofs for Section 4

	Discussion

